Growing rod-shaped bacterial cells need to modulate the production rates 10 of different surface and bulk components. Population data show that the bal-11 ance between these rates is central for cell physiology, and affects cell shape, 12 but we still know little about these processes in single cells. We study a min-13 imal stochastic model where single cells grow by two fluctuating volume-14 specific surface and volume growth rates, solving for the steady-state dis-15 tributions and the correlation functions of the main geometric features. Our 16 predictions allow us to address the detectability of different scenarios for the 17 intrinsic coupling between the allocation of resources to surface and bulk 18 growth. 19 1 20
Introduction
in geometry-related observables such as cell width and length. We interpret this 70 coupling as related to the aforementioned allocation problem of cellular resources 71 into bulk vs surface biosynthesis. The Harris-Theriot model [11] is based on the assumption that, in an "average" rod-shaped cell, the instantaneous rates of surface (S) and volume (V ) synthesis both scale linearly with volume, i.e.,
where the dots indicate time derivatives. The parameter α (dimensionally, an 74 inverse time) is the specific rate of volume growth, while β the (volume-specific) 75 rate of surface material synthesis (with units of inverse length times inverse time). 76 With few, simple ingredients, this model reproduces how the average surface-to-77 volume ratio S/V (an effective proxy for shape) relaxes and settles to nutritional 78 shifts and perturbations of cell-wall synthesis [11] . 79 The model analyzed here extends the Harris & Theriot model to single cells.
As in the original model, it describes the growth dynamics that occurs within consecutive cell divisions (factoring out the role of divisions in cell shape [8] ). For simplicity, we approximate the rod-shaped cell by a cylinder, neglecting the caps ( Fig. 1 ). This approximation is reasonable when dealing with surface and volume variations, since caps are synthesized at cell division and their interdivision growth is negligible. Under these assumptions volume and surface are simple functions of the two linear dimensions width w and length L (we neglect for simplicity geometric factors π and π/4, respectively):
In other words, under the shape constraint V = S w Eqs. 1 are equivalent to the following system of ODEs:
To define a single-cell growth model, we assume the rates α and β to be the result of the stochasticity of cellular processes, and thus characterized by average valuesᾱ andβ and temporal fluctuations ν α = ν α (t) and ν β = ν β (t),
(5)
We model fluctuations ν α,β as zero-average, delta-correlated (white) noises, i.e.
where the noise amplitudes σ 2 να and σ 2 ν β are in T −1 and L −1 describing the dynamics of mass and volume, or of mass and surface, which we 93 did not address in this study.
94
Under these assumptions, the stochastic version of Eqs. 4 write
We observe that, as in the deterministic model (Eqs. 4), the equation for width is 95 autonomous, while the dynamics of length L is coupled to width w. For steady-96 state values of the average width w ∞ =ᾱ/β, mean length increases exponen-97 tially with rate equal to the volume growth rate,˙ L = αL . Neither L nor 98 q = log (L/L 0 ) converge to a finite average value in the limit of large times, 99 meaning that their fluctuations δL and δq are not stationary -which suggests 100q = d dt log (L/L 0 ) as a more appropriate observable, which might reach stationar-plicative noise terms.
114
Width fluctuations can be expressed as the deviation δw(t) = w(t)− w ∞ , around 115 the steady-state mean value. For small fluctuations, the expression of the temporal 116 dynamics of δw can be obtained from the linearization of the first of Eqs.4:
which comprises one additive and one multiplicative source of noise, here called 118 η(t) and ξ(t), respectively.
119
Equation 8 can be seen as the equation for the dynamics for an overdamped 120 point particle subject to thermal noise (the additive noise) in a harmonic potential whose stiffness is fluctuating (multiplicative noise),
whose solution is not trivial. When ξ(t) = 0 ∀t, Eq. 9 becomes
which is the Langevin equation for an Ornstein-Uhlenbeck process (overdamped 
and
Both η and ξ are zero-average. Their variances depend on the correlation coeffi-135 cient ρ:
The SDE describing the fluctuations in the surface-to-volume ratio δz(t) = 139 z(t) − z ∞ , with z = S/V = 1/w, can be obtained exactly since the equation 140 ruling the dynamics is linear:
The surface-to-volume ratio fluctuations obey the following Langevin equation, 142 again characterized by both additive and multiplicative noise terms:
Finally, to evaluate length fluctuations we combine Eqs. 4 with Eq. 8, obtain-
which can be written as
where q = log(L/L 0 ), henceq =L/L and δq =q −q withq =ᾱ. Equation
147
20 shows that the fluctuations around exponential length growth have no restore 148 force, are coupled to width, and are subject to additive noise.
149
Higher multiplicative noise produces wider and more skewed is a zero-averaged Gaussian distribution whose variance is given by
The Ornstein-Uhlenbeck approximation remains valid as long as σ ξ /ᾱ 1.
158
Values of σ ξ comparable to, or higher thanᾱ produce increasingly wider and 159 more skewed distributions with respect to the variance set by the additive noise 160 only ( Fig. 2 ). In particular, relative deviations from such Ornstein-Uhlenbeck 161 prediction follow a superlinear law with σ ξ /ᾱ ( Fig. 2a ).
162
It should be noted that when ρ = 0, given that variations in the additive and (Fig. 3a) .
187
The decay time of the autocorrelation function of width fluctua-188 tions is set by the mean volume growth rate and is only slightly 189 perturbed by multiplicative noise (Fig. 4) .
190
Under the Ornstein-Uhlenbeck approximation (i.e. σ ξ ᾱ) it is possible to obtain 191 the autocorrelation function of width fluctuations at steady state analytically,
The characteristic time scale associated to width fluctuations is 1/ᾱ, meaning that increasing the multiplicative noise ( Fig. 4, inset) .
203
The time derivative of logarithmic length is a stationary variable 204 whose fluctuations are driven by width fluctuations (Fig. 5 ). (Fig. 1) .
221
In the Ornstein-Uhlenbeck approximation for the width fluctuations, specifi-222 cally when 
with dt indicating the Itô integral. In such regime (ξ 0), the analytical expression of the cross-correlation functions between rates and geometric observables read:
where θ and δ represent the Heaviside step and the Dirac delta functions, respec- 
The numerical simulation and the Ornstein-Uhlenbeck prediction of δw in time) only for positive values of ρ (Fig. 7c) . 294 We believe that this route to extract physiological information from shape fluc-295 tuations is feasible in general, for example with models allowing for a higher 296 number of measured variables. In particular, recent studies tackled the problem of The size of the blue dots is in inverse proportion to σ ξ /ᾱ, that is to the goodness of the Ornstein-Uhlenbeck approximation given the choice of the parameters. 
